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Neutrino and scalar boson mass in algebraic quantum field theory
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Abstract. - The hypothesis is explored that fermion rest mass is due entirely to self-interaction
via virtual excitation of gauge bosons. This requires revising the standard model to treat both
chiral projections of a fermion field as SU(2) doublets, which precludes Yukawa coupling to a
scalar (Higgs) boson field. The estimated self-interaction mass of the electron neutrino is 0.291×
10−5me. The implied self-interaction mass of the Higgs boson itself is very small, comparable
to the neutrino. Because there is no direct coupling to fermions, only to the Z0 gauge boson,
this can be reconciled with failure to detect low-mass Higgs bosons. This argument eliminates
many undetermined parameters of the standard model, but requires an ad hoc Lagrangian term
to account for neutral current asymmetries. The proposed algebraic formalism is consistent with
fermion generations defined by distinct eigenvalues of a self-interaction mass operator.
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The standard model revisited. – The standard
model(SM) [1,2], based on conventional quantum field the-
ory [3], explains qualitatively and in many cases quantita-
tively almost all established experimental data for elemen-
tary particles and fields other than gravity. A striking ex-
ception is neutrino mass, empirically small but nonzero [4].
Although nonvanishing neutrino mass appears to be em-
pirically established, the electroweak theory of Weinberg
and Salam [1, 2, 5] constrains neutrino mass to vanish by
excluding right-handed chiral neutrino fields. SM assumes
left-chiral fermion projections to be SU(2) doublets, while
right-chiral projections are SU(2) singlets. Equivalently,
chiral projectors modify gauge boson Feynman vertices.
The theory is assumed to descend by successive
symmetry-breaking from a renormalizable grand-unified
theory (GUT) of higher symmetry. This excludes bare
fermion mass, so that bare fermion fields are chiral eigen-
states. Hence chiral projection operators do not affect the
parental GUT. Their introduction in SM justifies fermion
mass generation by Yukawa coupling of fermion fields to
the SU(2) doublet Higgs scalar boson. Such coupling
terms in the Lagrangian are invariants only for fermion
current densities constructed from an SU(2) doublet field
and a distinct SU(2) singlet field [6].
Since neutrino mass requires some modification of the
theory, it is of interest to see whether the large num-
ber of arbitrary parameters required by SM might be re-
duced, without invoking unknown new physics or depart-
ing from quantum field theory. Both chiral projections
of fermion fields are assumed here to be SU(2) doublets,
eliminatng inequivalent field projections. This assumption
excludes Higgs-fermion Yukawa coupling terms from the
Lagrangian, because they cannot be SU(2) invariants. In
accord with the logical principle of ‘Occam’s razor’, remov-
ing chiral projection operators eliminates arbitrary mass
parameters. This can be done without affecting the suc-
cess of SM electroweak theory for processes involving only
leptons. The very small mass of neutrinos makes chiral
projection redundant. The modified theory can be recon-
ciled with neutral current asymmetries by inserting into
the Lagrangian density an ad hoc term that does not add
arbitrary parameters.
Self-interaction mass results from virtual emission and
reabsorption of gauge field quanta [3, 7–9]. Depending on
the same operators as spontaneous emission, these pro-
cesses cannot be eliminated without selective chiral projec-
tions. Otherwise, it is inconsistent to postulate neutrino
mass exactly zero [10]. For lepton/neutrino processes with
intermediate charged W± gauge bosons it will be shown
here that chiral projectors can be omitted without affect-
ing the established V-A phenomenology. This justifies a
calculation of the electron-neutrino self-interaction mass
consistent with current empirical data.
An interacting massless bare fermion is dressed by vir-
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tual gauge fields to become a quasiparticle. Stability of
the dressed field requires diagonalization of a mass oper-
ator defined by gauge field coupling. The Lagrange mul-
tiplier required for such secular stability is a spacetime
invariant mass. Mass diagonalization defines a canonical
transformation of the vacuum state. An appropriate alge-
braic formalism, compatible with perturbation theory but
not dependent upon it, is used here to reconsider relevant
implications of quantum field theory.
In relativistic perturbation theory [8], self-interaction
mass is a sum over momentum transfer, logarithmically
divergent [3, 9] unless the sum is somehow cut off. This
divergence indicates that the theory is incomplete. The 4-
momentum cutoff required for convergent integrals is not
determined by perturbation theory, and may be extrinsic
to quantum field theory. Otherwise, electron mass is deter-
mined by electromagnetic interaction. The ultimate self-
contained theory must include a cutoff mechanism that
implies correct masses for all fermions.
Extending QED to nonabelian gauge symmetry [11],
electroweak theory [1, 2, 5] incorporates neutrinos, quarks
and SU(2) weak gauge fields. The mass of the Maxwell
field is forced to zero by decoupling from the Higgs scalar
boson field. SM postulates Yukawa coupling of fermions to
the Higgs field, introducing coupling parameters adjusted
to physical fermion masses. If masses are determined by
self-interaction induced by coupling to the gauge fields,
parametrized Higgs coupling is not needed. Since neutri-
nos are coupled only to the weak gauge fields, their self-
interaction mass must be small.
A significant implication of this analysis is that for
fermions the self-interaction mass operator might very
well have several eigenvalues that correspond to discrete
states pushed down below successive overlapping continua.
This could explain the existence of higher generations of
fermions, such as heavy leptons and their corresponding
neutrinos.
Induced self-interaction is considered here for a scalar
boson field. In fact, Lagrangian terms implied by SU(2)
gauge covariance can replace the parametrized Higgs self-
interaction, while retaining the essential structure of elec-
troweak theory. If the Higgs mass results solely from its
coupling to the weak gauge fields, it might be very small.
Renormalizable field theory with no bare mass is co-
variant under a local scaling transformation. If gravita-
tional theory is modified to incorporate this same confor-
mal symmetry [12], it identifies the imaginary mass term
in the scalar field equation with the Ricci scalar, a mea-
sure of global spacetime curvature. The self-interaction
mass considered here is not inconsistent with this grav-
itational theory. It augments the extremely small but
nonzero implied curvature mass by a much larger dynam-
ical self-interaction, still much smaller than the currently
anticipated multi-GeV Higgs mass [6, 13, 14].
The algebraic formalism is applied here to consider the
mass of the electron, of the electron-neutrino, and of the
scalar (Higgs) boson. This analysis reproduces the Feyn-
man electron self-energy at the lowest level of approxima-
tion. It justifies a calculation that results in a neutrino
mass consistent with current empirical limits. If similar
logic is valid for the scalar boson, its mass would be com-
parable to that of the neutrino. This conflicts with current
expectations, but might merit reexamination of empirical
data if a multi-GeV Higgs boson is not found [6]. A neutral
boson of very small mass, not coupled to fermions, might
not be directly observable. A Z0-induced Higgs cascade
might be analogous to bremsstrahlung.
Postulates of the theory. – That a physical fermion
field is a quasiparticle which acquires mass from its self-
interaction is consistent with the structure of the Dirac
equation: a mass parameter couples field components of
opposite chirality whose energy values have opposite sign.
The field equation for a bare fermion coupled to gauge
fields can be rewritten so that its mass is an eigenvalue of
a scalar self-interaction mass operator. Diagonalization in
the Fock space of the interacting system defines a canon-
ical transformation from bare fermions to dressed quasi-
particles, identified as physical fermions. An algebraic for-
mulation is developed here in which this transformation,
which breaks chiral symmetry as it produces nonvanishing
mass, is explicit.
The constraint of fixed normalization for timelike dis-
placements determines quasiparticle mass as an invariant
Lagrange multiplier. If a quasiparticle state is embedded
in a continuum of virtual excitations, the implied entity is
a resonance, with an inherent finite lifetime. The secular
stability of a quasiparticle constructed by diagonalization
is global in spacetime. Matrix elements relevant to decay
into constituent fields are removed by construction. This
means in particular that a dressed electron, built from
chiral bare fields of positive and negative energy, cannot
decompose by interactions, short of a canonical transfor-
mation of the renormalized vacuum. Thus one cannot con-
sider massive chiral fermions to be elementary fields.
Quantum field theory is based on two distinct postu-
lates. The first is the dynamical postulate that action in-
tegral W =
∫ Ld4x, defined by Lagrangian density L over
a specified space-time region, is stationary with respect to
variations of the independent fields, subject to homoge-
neous boundary conditions. The second postulate, which
requires the fields to be operators in a Fock space, modifies
and constrains classical field theory. Field operators act
on state vectors defined by virtual excitations of a vacuum
state. Field equations for interacting field operators imply
coupled algebraic equations when projected onto the state
vectors.
For Dirac field ψ and Maxwell field Aµ, defining Fµν =
∂µAν − ∂νAµ, the QED Lagrangian density in units such
that ~ = c = 1 is
L = −(1/4)FµνFµν + iψ†γ0γµDµψ. (1)
Coupling to the electromagnetic 4-potential Aµ occurs
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through the covariant derivative
Dµ = ∂µ − ieAµ, (2)
where -e is the renormalized electronic charge. The nota-
tion used here defines covariant 4-vectors
xµ = (t,−r), ∂µ = (∂/∂t,∇),
Aµ = (φ,−A), jµ = (ρ,−j).
The metric tensor gµν is diagonal, with elements
(1,−1,−1,−1). Dirac matrices are represented in a form
appropriate to a 2-component fermion theory, in which
chirality γ5 is diagonal for mass-zero fermions,
γµ =
(
0 I
I 0
)
,
(
0 σ
−σ 0
)
; γ5 =
( −I 0
0 I
)
. (3)
Classical fields ψp, A
µ
k that satisfy homogeneous field
equations define quantum field operators Aµ(x) =∑
k A
µ
k (x)ak and ψ(x) =
∑
p ψp(x)ηp. Operators ak, ηp
and fermion mass parameter m0 define vacuum state |0〉
such that ak|0〉 = 0 and ηp|0〉 = 0, where η†p = η†a(ǫa >
0), η†p = ηi(ǫi < 0). A
µ
k (x) = w
µ
k e
−ik.x is the free photon
field for 4-momentum k. Dirac free-wave functions ψp(x)
are defined for ǫp = p0 > 0 by ψp(x) = V
− 1
2 e−ip.xup, (/p−
m0)up = 0. Reversing all components of 4-momentum for
ǫp = −p0 < 0, ψ−p(x) = V − 12 eip.xvp, (/p+m0)vp = 0.
The standard model extends this formalism to include
SU(2) gauge fields. Chiral projection operators, which
force neutrino mass to vanish, are included in Lagrangian
interaction terms. Because massless fermions have defi-
nite chirality, up → uLp = 12 (1 − γ5)up for sufficiently
small mass, and the chiral projection operator 12 (1−γ5) is
redundant. Because this operator is idempotent and com-
mutes with γ0γµ, for lepton-neutrino transitions ℓ→ νℓ,
ψ¯(νℓ)γµψ(ℓ) ≃ ψ†(νℓ)1
2
(1− γ5)γ0γµψ(ℓ)
= ψ¯(νℓL)γµ
1
2
(1− γ5)ψ(ℓ) = ψ¯(νℓL)γµψ(ℓL), (4)
if neutrino mass is sufficiently small. If so, regardless of
mℓ, processes that depend on ν−W −ℓ Feynman vertices,
such as muon decay into charged leptons plus neutrinos
and V-A β-decay [2, 5], do not test the standard-model
insertion of such operators. Neutrino self-interaction is
retained here by omitting them. Electroweak theory for
quarks, involving hadronic structure, is beyond the scope
of the present analysis.
Although weak neutral current Z0µ vertices are not sig-
nificant for lepton and neutrino mass, it is important to
show that the Lagrangian density assumed without chi-
ral projection can be consistently modified to give em-
pirically correct neutral-current asymmetries [2, 5]. Neu-
tral gauge current j
(e)µ
NC = ψ¯eγ
µ(cV − cAγ5)ψe is de-
fined by LeZ = −esin 2θ j
(e)µ
NC Z
0
µ. In the standard model [2],
cV = − 12 + 2 sin2 θ, cA = − 12 . In Lagrangian density LℓZ ,
without chiral projection, cV = − cos 2θ, cA = 0. This can
be converted to the SM form by the current density differ-
ence ∆jℓµNC = ψ¯γ
µ∆(cV − cAγ5)ψ where ∆(cV − cAγ5) =
(− 12+2 sin2 θ+cos 2θ+ 12γ5) = 12 (I+γ5). The incremental
Lagrangian density is ∆LℓZ = −esin 2θ∆jℓµNCZ0µ. This ad hoc
correction has no undetermined parameters. It preserves
lepton-W± coupling for neutrino self-interaction.
Algebraic formalism: mass as an eigenvalue. –
The dynamical postulate implies field equations,
∂µFµν = jν = −eψ†γ0γνψ, iγµDµψ = 0. (5)
Because the current density satisfies ∂µj
µ = 0, the inho-
mogeneous Maxwell equation cannot change gauge condi-
tion ∂µA
µ
k = 0, if assumed for the photon fields. Sepa-
rating Aµ = A
int
µ +A
ext
µ into self-interaction and external
subfields, and using notation /A(x) = γµAµ(x), the fermion
field equation
{iγµ∂µ + e/Aext}ψ = −e/Aintψ = mˆψ (6)
defines a self-interaction mass operator mˆ = −e/Aint. For
the quantized Maxwell field, the field amplitude operators
have only transition matrix elements. Hence mˆ is purely
nondiagonal, associated with virtual excitations of the ra-
diation field. The mass operator acts in a Fock space de-
fined by products of creation and annihilation operators.
There is no classical analog, hence no valid classical model
of elementary fermion mass.
What is proposed here is to rewrite Eq.(6) as a renor-
malized Dirac equation and a mass-eigenvalue equation,
related by consistency condition m0 = m:
{iγµ∂µ + e/Aext −m0}ψ = 0, {mˆ−m}ψ = 0. (7)
The second equation is solved in a Fock space defined
by mass parameter m0, which is to be adjusted itera-
tively to satisfy the consistency condition. m0 = 0 for
bare fermions, but otherwise is a free parameter. The
computed eigenvalue can be identified with δm(m0) in
standard perturbation theory. The consistency condition
m0 = δm(m0) forces the two equations to be equivalent
to the original field equation in renormalized Fock space.
Eqs.(7) exhibit the algebraic structure implied by renor-
malization. A canonical transformation of field operators
and the vacuum state diagonalizes the mass operator and
determines a c-number mass. This transformation mixes
field components of positive and negative energy, break-
ing chiral symmetry. The resulting Dirac equation com-
bines chiral massless Weyl spinors into 4-component Dirac
bispinors.
On a spacelike surface indexed by parameter τ , ex-
citation operator χ†(τ) defines state χ†(τ)|0〉 and sur-
face action integral W (τ) = 〈0| ∫τ d3xχLχ†|0〉. Condi-
tion χ|0〉 = 0, required for a stable pseudostate, may im-
ply a canonical transformation of the vacuum. Defining
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W =
∫
W (τ)dτ between nested spacelike surfaces, cou-
pled field equations for independent fields φ(x) are deter-
mined by the variational condition
δW = 〈0| ∫ d4xχδφ†( δLδφ† − ∂µ δLδ∂µφ† )χ†|0〉 = 0.
An algebraic theory is obtained by expanding χ†(τ) =∑
λ χ
†
λcλ(τ) as a sum of invariant excitation operators,
subject to χ(τ)|0〉 = 0. If field Hamiltonian operator Hˆ(τ)
is defined on spacelike surface τ , ∂τχ
† = i[Hˆ, χ†] implies
linear algebraic equations for the coefficients cλ(τ). A field
state is determined only if field and algebraic equations
are both satisfied. Lagrange multiplier m, distinct from
renormalization parameter m0, is required to enforce the
normalization constraint
∑
λ |cλ|2 = const. τ -dependent
phase factors are not determined, but can be adjusted to
remove diagonal elements of the algebraic equations. This
reduces them to the form of mass-eigenvalue equations.
DefiningW (τ) on a spacelike surface clarifies several as-
pects of the theory. Past and future are well-defined. A
stable pseudostate constructed on surface τ by superim-
posing global spacetime field solutions requires consistency
with past creation events (retarded potentials) and with
future annihilation events (advanced potentials). This is
built into Feynman propagators [8].
For eigenvalue equations dominated by a particular exci-
tation operator χ†0, it is convenient to normalize the state
eigenfunction so that c0 = 1. The basis set of elemen-
tary excitation operators can be augmented systemati-
cally, adding terms which affect higher orders in a pertur-
bation expansion. The algebraic equations have a leading
term m =
∑
a(0|mˆ|a)ca, exact for nondiagonal mˆ if all
nonzero matrix elements are included. Using a formal so-
lution for the coefficients ca, (a 6= 0),
m = −∑a,b(0|mˆ|a)[mˆ−m]−1ab (b|mˆ|0).
This is a sum of terms that all vanish ifm→∞. The limit,
an infinite sum of vanishing terms, may be finite, implying
a cutoff inherent in the algebraic equations. Rather than
explore the true limit of this expansion, derivations here
will be limited to the mass formula implied by the leading
algebraic equation, which acts as a mean value expression.
The gauge field equations determine coefficients ca consis-
tent with perturbation theory, which would expand the
inverse matrix here in powers of a coupling constant.
Mass of the electron. – The self-energy of a free
electron can be evaluated to order e2 using Feynman’s
rules [3, 8]. The relevant Feynman diagram describes
virtual emission and reabsorption of a photon of 4-
momentum k by a free electron. The present analysis
replaces perturbation theory for this virtual process by ap-
proximate solution of eigenvalue equation {mˆ−m}ψ = 0.
Renormalized electric charge is assumed.
If a solution of the inhomogeneous Maxwell equation is
substituted into the leading term of the mass-eigenvalue
equation, it becomes mψp(x) = m
∫
d4yGD(x, y)ψp(y) =∫
d4yGmˆD(x, y)ψp(y), defining a modified propagator
GmˆD(x, y) =
∑
k e
2γµ−2(x, y)ψp−k(x)ψ¯p−k(y)γµ.
Here −2(x, y) = GA(x, y), the photon Green function of
Feynman, and GD(x, y) is the Feynman Dirac propagator.
The Fourier transform defines a convolution integral over
4-momentum, m(m0) =
ie2
(2π)4
∫
d4ku¯pG˜
µν
A (k)γµG˜D(p −
k)γνup, independent of p due to Lorentz covariance. This
is the 2nd order Feynman self-energy [8].
In a basis of massless chiral-projected (Weyl) spinors,
the convolution integral for m(m0) is purely nondiagonal.
Defining upL =
1
2 (1− γ5)up and upR = 12 (1 + γ5)up, then
u¯pL = u
†
p
1
2 (1−γ5)γ0 = u¯p 12 (1+γ5), so that spinor algebra
implies u¯pLγµγνupL = 0. Similarly, u¯pLγµγνupR 6= 0. El-
ementary Weyl spinors are combined into a Dirac spinor,
as required for finite mass, only if nondiagonal chiral ma-
trix elements are retained. This precludes neutrino self-
interaction in the standard model.
The integral for m(m0) diverges logarithmically. Con-
vergence is forced if a covariant Feynman cutoff factor
[15] C(k2) =
∫∞
0
−λ2
k2−λ2G(λ)dλ, where
∫∞
0
G(λ)dλ = 1,
is inserted into the integrand. If this is simplified to
C(k2) = −Λ
2
k2−Λ2 , the integral converges to m(m0) =
3α
4πm0
(
ln Λ
2
m2
0
+ 12
)
, where α = e2/4π. Consistency condi-
tion m0 = m = me requires Λ ≃ mee287. This very large
value may have cosmological significance, related to a total
mass or energy that sets an upper bound for intermediate
virtual photon momenta, or to a spatial microstructure
such as that considered in string theory.
Neutrino mass. – The self-interaction mass of the
neutrino involves two distinct weak-interaction processes.
The first, virtual excitation of an electron/positron and a
W± gauge boson, dominates the second, virtual excitation
of a neutrino and Z0, because interaction mass is propor-
tional to intermediate fermion mass. SU(2) symmetry can
be assumed for the intermediate W± process, eventually
broken by the self-interaction masses of the ν, e doublet.
The SU(2) Lagrangian density [11] is
L = − 14Wµν ·Wµν + iψ¯γµDµψ,
where Wµν = ∂µWν − ∂νWµ − gWµ ×Wν . Covariant
derivative Dµ = ∂µ + i
g
2τ ·Wµ ensures SU(2) gauge in-
variance. τ is a 3-vector of 2× 2 matrices identical to the
Pauli matrices σ.
In the classical inhomogeneous SU(2) field equation,
the fermion source current density is jνW =
1
2gψ¯γ
ν
τψ.
The nonabelian gauge field contributes an additional self-
interaction to a conserved total weak current density [11].
It is assumed here that this self-interaction can be com-
bined with that induced by the Higgs boson to produce
a field mass M in an effective inhomogeneous weak field
equation {2 +M2}Wµ = jµW . The Green function de-
fined such that Wµ(x) =
∫
d4yGµνW (x, y)jWν (y)
has the Fourier transform G˜µνW (k) = g
µν/(−k2 +M2).
The neutrino self-interaction mass operator is mˆν =
g
2γ
µ
τ ·Wintµ . If {mˆν − mν}ψ = 0 and mν0 = mν , the
renormalized neutrino field equation is
{iγµ∂µ − g2γµτ ·Wextµ −mν0}ψ = 0.
In analogy to the electron self-interaction, the mass eigen-
value can be estimated by the second-order Feynman con-
p-4
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volution integral
mν =
ig2/4
(2π)4
∫
d4ku¯pG˜
µν
W (k)γµG˜D(p− k)γνup.
Feynman propagator GD refers to an electron or positron,
with mass me, accompanied by gauge field W
±, restricted
to (ty < tx, ty > tx), respectively. An intermediate neu-
trino plus Z0 implies an integral proportional to neu-
trino mass, which can be neglected. Spinors u¯p · · ·up
project onto the renormalized neutrino state. Neglecting
the neutrino mass parameter, /p ≃ 0 simplifies the inte-
gral. The gauge field requires a Klein-Gordon propagator
for M =MW . The Feynman 4-momentum cutoff for con-
vergent integrals replaces the photon factor
C(k2) = 1− k2k2−Λ2 = −Λ
2
k2−Λ2 by
CM (k
2) = 1− k2−M2k2−M2−Λ2 = −Λ
2
k2−M2−Λ2 .
With these assumptions, using standard γ-matrix alge-
bra, the integral to be evaluated is
mν(me) =
ig2
4
∫
d4k
(2π)4
Λ2
k2−M2−Λ2
1
k2−M2 u¯p
2/k+4me
k2−2p·k−m2e up.
The denominators here can be combined using
1
abc =
∫ 1
0
dy
∫ 1
0
dx 2y(axy+b(1−x)y+c(1−y))3 .
Setting k′ = k − p(1 − y) and using /pup ≃ 0 removes
p · k from the combined denominator and replaces /k by
/p(1 − y) ≃ 0 in the numerator of the integral for mν . Its
final factor is effectively replaced by 4me/(k
2−m2e). Then
mν(me) = ig
2meΛ
2
∫ 1
0 2ydy
∫ 1
0 dx I3, where
I3 =
∫
d4k
(2π)4
1
(k2−L)3 =
∫
k
2d|k|
2π2
∫
dk0
2π
1
(k2
0
−(k2+L))3 ,
and L = (M2 + Λ2)xy +M2(1 − x)y + m2e(1 − y). The
integrand has poles at k0 = ±
√
k2 + L. Expanding
k20 = k
2 + L + ζǫ + ǫ2, where ζ = 2
√
k2 + L, a contour
integral enclosing the positive pole (displaced below the
real axis) implies∫
dk0
2π
1
(k2
0
−(k2+L))3 = −iResǫ→0 1ǫ3(ζ+ǫ)3 = 6iζ5 .
For u2 = k2 + L,
∫∞
0
k
2d|k|
u5 =
1
3L .
Hence I3 =
2−5
2iπ2
6
3L =
1
32iπ2L . From this analysis,
mν
me
= g
2
16π2
∫ 1
0 dy ln
(
m2e(1−y)+(M2+Λ2)y
m2e(1−y)+M2y
)
.
Unlike the photon, W± is unstable. Its energy
width Γ suppresses the neutrino mass integrand in co-
ordinate space by e−Γ|tx−ty|, establishing a dynamical
scale for Feynman cutoff factor CM (k
2). CM (k
2) =∫∞
0
−λ2
k2−M2−λ2G(λ)dλ, for a weight function normalized
such that
∫∞
0 G(λ)dλ = 1. IfG(λ) =
√
2
πΛ2 e
− 1
2
λ2/Λ2 , then∫∞
0 G(λ)λ
2dλ = Λ2. If Λ ≪ M , CM (k2) ≃ −Λ2k2−M2−Λ2 ,
and Λ2 ≃ Γ2 determines the cutoff factor. If me ≪
Λ ≪ M , mνme ≃
g2
16π2 ln(1 +
Λ2
M2 ) ≃ g
2
16π2
Λ2
M2 . Using ex-
perimental parameters [2] g =0.6524, me =0.511MeV,
M =MW =80.33GeV, and setting Λ = ΓW =2.64GeV [5],
mν = 0.291×10−5me =1.49eV, within current experimen-
tal limits [4].
The algebraic theory considered here supports the spec-
ulation that fermion generations correspond to excitation
operators in the sequence η†, η†ηη†, η†ηη†ηη†, acting on
the renormalized vacuum. For example, the muon might
correspond to a ℓℓ¯ pair stabilized by an external electron,
while the µ-neutrino is such a pair stabilized by an ex-
ternal e-neutrino. Decay mechanisms would agree with
well-established muon decay. Observed neutrino mixing
implies very similar masses for the three generations of
neutrinos [4]. Transition matrix elements coupled to gauge
fields would be the same for all generations, so that all neu-
trinos might have comparable self-interaction mass. For
charged leptons, the intermediate virtual state would be
the charged lepton itself plus a photon. This depends
on the still unknown mechanism for 4-momentum cutoff,
which might differ substantially for different lepton gener-
ations.
The SU(2) scalar field . – Weinberg-Salam elec-
troweak theory includes a term of the form [2, 5]
∆L = −V (Φ†Φ) = −λ(Φ†Φ− φ20)2
in the postulated Lagrangian density LΦ of the Higgs
scalar SU(2) doublet Φ = (Φ+,Φ0). Φ = (0, φ0) deter-
mines a stable neutral vacuum ground state. Setting pa-
rameter λ = w
2
2φ2
0
> 0,
∆L = − 12w2φ20+w2Φ†Φ− w
2
2φ2
0
(Φ†Φ)2. The imaginary mass
term w2Φ†Φ in ∆L would by itself destabilize the vac-
uum state. It must be counteracted in any viable theory.
This is accomplished by the biquadratic term− w2
2φ2
0
(Φ†Φ)2.
If LΦ = (∂µΦ)†∂µΦ + ∆L, omitting gauge coupling, the
field equation is (2 − w2)Φ = −Φ†Φ
φ2
0
w2Φ. Electroweak
theory considers an exact particular solution Φ such that

2Φ = 0 and Φ+ = 0, Φ0 = φ0, constant in spacetime.
Φ = (0, φ0 +H/
√
2) defines Higgs field H . If mH =
√
2w,
the field equation reduces to
(2 + m2H)H = − 3w
2H2√
2φ0
− w2H3
2φ2
0
. Covariant derivative
Dµ = ∂µ+ i
g1
2 Bµ+ i
g2
2 τ ·Wµ implies mass proportional to
φ0 for each gauge field coupled to Φ. The particular lin-
ear combination of Bµ,W
0
µ that decouples from Φ0 defines
Aµ, massless if Φ+ = 0.
In gauge-invariant LΦ = (DµΦ)†DµΦ, the covari-
ant derivatives couple isospin doublet components of an
SU(2) scalar field to the weak gauge fields. Implied self-
interaction terms can replace a separately postulated ∆L.
The quadratic form of derivatives provides an imaginary
mass term, counteracted by virtual gauge field emission
and reabsorption. This replaces parameters w2 and λ by
interaction terms. The renormalized scalar field equation
is equivalent to that assumed in electroweak theory.
In U(1) × SU(2) gauge theory, covariant derivative
Dµ = ∂µ+
1
2 i(g1yBµ+ g2τ ·Wµ) acts on gauge-dependent
fields. For real gauge fields Uµ such that ∂
µUµ = 0, La-
grangian density LΦ = (DµΦ)†DµΦ for scalar field Φ im-
plies the field equation
(2 − wˆ2)Φ(y) = −i(g1yBµ + g2τ ·Wµ)∂µΦ(y),
where
wˆ2 = 14 (g1yBµ + g2τ ·Wµ)(g1yBµ + g2τ ·Wµ).
Self-interaction due to virtual intermediate weak field
quanta arises from the weak current density jµ =
∂LΦ
∂Uµ ,
coupled to Uµ. w2 can be replaced in ∆L by an eigenvalue
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or mean value of wˆ2 computed for the virtual gauge fields
generated by this current density. For jµ ∼ Φ† i∂µΦΦ Φ, the
2nd order self-interaction is operationally equivalent to a
term −λ(Φ†Φ)2 in ∆L. Coupled only to the weak gauge
field Z0µ, Φ0 should have a self-interaction mass compara-
ble to the neutrino.
Relation to gravitational theory. – The SU(2)
scalar field provides a possible link between the standard
model and gravitational theory [12]. Invariant action in-
tegral Ia =
∫
d4x
√−gLa determines covariant energy-
momentum tensor T µνa = − 2δIa√−gδgµν . For gravitational
Lg, Wµνg = δIg√−gδgµν implies field equation
Wµνg =
1
2
∑
a T
µν
a . In standard Einstein/Hilbert theory,
for Newton constant GN and Ricci scalar R = g
µνRµν ,
Lg = −R16πGN implies field equation
Rµν − 12gµνR = Gµν = 8πGN
∑
a T
µν
a .
In conformal gravitational theory [12],
Lg = −2αg(RµνRµν − 13R2) = −2αg(L2 − 13L1).
The field equation is −2αgWµν = −2αg(Wµν2 − 13Wµν1 ) =
1
2
∑
a T
µν
a . For a complex scalar field, LΦ = (∂µΦ)†∂µΦ+
w2Φ†Φ−λ(Φ†Φ)2. IΦ is scale invariant if Rµν = −3w2gµν ,
or w2 = −R12 . The standard model sets λ =
w2
2φ2
0
and
postulates a particular solution Φ = φ0. This deter-
mines a global solution of the coupled equations such that
T µνΦ = − 16φ20Gµν + gµνλφ40 [12].
In a geometry (Robertson-Walker) such that Wµνg = 0,
averaged uniform matter produces T µνkin, and the field
equation reduces to T µνΦ +T
µν
kin = 0. Defining Λ¯ = 6λφ
2
0 =
3w2 and 8πG¯ = 6/φ20, the field equation becomes [12]
Gµν − Λ¯gµν = 8πG¯T µνkin. This has the same form as the
Einstein field equation. Effective coupling constant G¯ and
cosmological constant Λ¯ are determined by the scalar field
parameters φ0 and w. In a universe with negligible curva-
ture, the cosmological (Friedmann) equation [16] for Hub-
ble constant H0 is H
2
0 =
8πG
3 ρm +
Λ
3 . This defines empir-
ical parameters Ωm =
8πG
3H2
0
ρm and ΩΛ =
Λ
3H2
0
.
Conformal theory implies Ω¯Λ =
6λφ2
0
3H2
0
= w
2
H2
0
. With-
out self-interaction, empirical values [17] ΩΛ ≃ 0.732 and
H0 ≃ 70.9kms−1Mpc−1, with φ0 = 180GeV , imply Higgs
mass mH =
√
2w ≃ 10−33eV , if all quantum field ac-
tion integrals are scale-invariant (conformal). Thus in the
standard model, which omits self-interaction, only an ex-
tremely small mH is compatible with the empirical Hub-
ble constant. The present argument indicates that vir-
tual excitation of Z0µ could determine the otherwise un-
determined parameter λ, and might supplement the bare
Lagrangian term w2 = −R/12 by a much larger induced
self-interaction, still very small compared with the induced
dynamical mass of charged fermions or the gauge bosons.
Implications and conclusions. – If fermions are
SU(2) doublets, regardless of chiral projection, this ex-
cludes direct Higgs-fermion interaction. Fermion mass
must arise from self-interaction. This is shown here to ex-
plain the finite but small mass of neutrinos, while provid-
ing a rationale for the existence of fermion generations dis-
tinguished only by mass. Applied to a scalar (Higgs) boson
in an SU(2) manifold, the present analysis implies that its
self-interaction mass could arise solely from weak inter-
actions, and might be very small, analogous to neutrino
mass. Such small mass is contrary to lower bounds de-
duced from experimental data [6], assuming Yukawa cou-
pling of the Higgs boson to fermions. Since such Yukawa
coupling is not consistent with the theoretical model used
here, implications regarding small Higgs mass should be
reexamined.
The author is indebted to Professor Michael Peskin for
comments and helpful criticism.
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